Entropy and holography constraints for inhomogeneous universes 
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We calculated the entropy of a class of inhomogeneous dust universes. Allowing spherical symme- 
try, we proposed a holographic principle by reflecting all physical freedoms on the surface of the 
apparent horizon. In contrast to fiat homogeneous counterparts, the principle may break down in 
some models, though these models are not quite realistic. We refined fractal parabolic solutions to 
have a reasonable entropy value for the present observable universe and found that the holographic 
principle always holds in the realistic cases. 
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In view of the example of black hole entropy ^ , an 
influential holographic principle relating the maximum 
number of degrees of freedom in a volume to its bound- 
ary surface area has been put forward recently ||^,^ . This 
principle is viewed as a real conceptual change in our 
thinking about gravity. The main aim of the holographic 
principle is to generalize its application to a broader class 
of situations, including cosmology. However, in a gen- 
eral cosmological setting, there is no unique appropri- 
ate notion which is analogous to the event horizon in 
black hole serving as a natural boundary. This makes 
the generalization particularly difficult. A remarkable 
progress has been made by Fischler and Susskind (FS) 
They have shown that for flat and open Friedman- 
Lemaitre-Robinson- Walker (FLRW) universes the holo- 
graphic principle holds with the total entropy of the mat- 
ter inside the particle horizon being smaller than the area 
of the horizon. Various different modifications of FS ver- 
sion of the holographic principle have been raised sub- 
sequently Motivated by the fact that the first 
sucessful implication of AdS/CFT duality to solve the 
problem of the microscopic interpretation of black hole 
entropy appeared in (2+l)-dimensional model s P |, we 
formulated the holography in such a case [ pO| , |l 1[ . Re- 
cently Bousso has provided a more elegant and a broader 
holographic principle and has applied to a number of 
examples including the recoUapsing FLRW cosmological 
models Part of Bousso's proposal has been proved 
in [Q, however there is still some difficulties associated 
with it 

It is of great interest to take a closer look of holog- 
raphy in a generic realistic inhomogeneous cosmological 
setting. The first attempt was carried out by Tavakol and 
Ellis who considering Bousso's proposal as well as a 
modified version of it. In both cases they found that op- 
erational difficulties exist in constructing the holographic 
principle in a realistic universe. 

Compared to the homogeneous universe, there is a fur- 
ther difficulty in setting up the holographic principle in 
the real cosmos. In the homogeneous universes the co- 
moving entropy density is assumed to be a constant and 



the total entropy is just the entropy density times the 
comoving volume. In addition to the vector defined to 
describe the gravitational entropy flux p6| and evolution 
of the density contrast studied to answer the possible 
existence of gravitational entropy p7| , until now there 
is no exact calculation of the entropy of inhomogeneous 
universes. 

In the present paper, we concentrate our attention 
on the parabolic Lemaitre-Tolman-Bondi (LTB) model 
which is the natural generalization of the flat dust FLRW 
model. Considering some characteristics of the realistic 
models, such as spherical symmetry, not referring to ei- 
ther initial or flnal moment, we flnd that it is appropriate 
to adopt the idea suggested in [Q for homogeneous uni- 
verses by defining the apparent horizon as a boundary 
hypersurface to construct the holographic principle here. 
We will show that choosing the apparent horizon in the 
formulation of the cosmic holography for the real cosmos 
is simple and valuable. From the first law of thermody- 
namics we will define the entropy density in the inhomo- 
geneous universe and calculate the total entropy value 
within the apparent horizon. Different from the homo- 
geneous flat universe, we will show that in the general 
parabolic LTB models, some fractal universe will violate 
the holographic principle. In order to describe the real 
cosmos, we will refine fractal parabolic solutions by com- 
paring the calculated entropy in fractal models to that in 
our present observable universe. In the refined realistic 
models holographic principle can always be satisfied. 

In normalized comoving coordinates the metric of the 
parabolic LTB model is 

ds^ = -dt^ + R'^dr^ + R^ide"^ + sin^ Odcj)'^) 

= habdx'^dx'' + f^{x){d9^ + sin^ Odcj)^ ) ( 1 ) 

where hab — diag[—l,R'^], and 

i?= i(9F)i/3(t -1-/3)2/3 (2) 

is the area distance and R' plays the role of scale factor. 
P and F are two arbitrary functions of r. The metric dll) 
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is spherically symmetric. We define the dynamical appar- 
ent horizon in terms of a condition 1 1 Vf| ^ = hf^^dafdbf = 
to the areal radius, with the result 



F{rAH)^2,[t + (i{rAH)] 



(3) 



and rAH ~ ^ P{'''ah)\ is the physical apparent hori- 
zon, where tah denotes the proper apparent horizon. 
Taking (3 to be zero and the scale factor R' ^ t^/^ in 
homogeneous flat dust universe, rAH agrees with the ex- 
pression in 12 1 for the apparent horizon. 

In order to calculate the entropy within the apparent 
horizon we have to define the local entropy density first. 
From the standard big-bang cosmology we learnt 
that when a relativistic particle becomes non-relativistic 
and disappears, its entropy is shared between the parti- 
cle become thermal contact. Since photons and neutrinos 
never become non-relativistic, they share the entropy of 
the universe. It is reasonable to suppose that the entropy 
of the universe is mainly produced before the dust-filled 
era and this result should also hold in the inhomoge- 
neous cosmology. Using the first law of thermodynamics, 
for the dust-filled universe [p = 0) we have the local en- 
tropy density s ~ p/T^ where T is the temperature of 
the universe and p the radiational energy density given 
by aT^. 

Considering that in the expansion of the universe, the 
radiation always has the property of black body and sup- 
posing that the number density of the photon is con- 

hvQ hv , , . , 

served, we also have the relation — — m the mho- 

fcTo kT 

mogeneous background where vq = v{l -\- z). From the 
geodesic equation the expression for the redshift is 
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dt . . dt 
dX^'^dX^'='' 



R'n 



(4) 



where assumed that for r 0, i?' = 1 We obtain 

the relation TR' — TqR'q = Const., which coincides with 
that the homogeneous case. Combining these consider- 
ations, the local entropy density in the inhomogeneous 
case can be expressed as 



s{t, r) = a{ToR'of 
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i?'3(t,r) i?'3(t,r) 



(5) 



where C is a constant and R'(t, r) has the form given in 
(^. The total entropy measured in the comoving space 
inside the apparent horizon is 



5* = 



rrAH 

I s{t,r)4:TrR'R^dr. 
Jo 



(6) 



For the homogeneous dust universe the local entropy 
density is only a function of t proportional to a~^(t) 
from the first law. Eq(|^) can thus reproduce the value 
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S — -z- err AH J where a denotes the constant comoving 
o 

entropy density. 

With the method of calculating the total entropy of 
the inhomogeneous parabolic model at hand, we state 
our proposal of a holographic principle in inhomogeneous 
cosmology in the spirit of 0Jl^: the entropy inside the 
apparent horizon can never exceed the area of apparent 
horizon in Planck units. 

In order to get the entropy value and examine the 
holographic principle, we need detailed expressions of 
F(r), P{r). Two particular forms of these arbitrary func- 
tions that lead to fractal behavior in parabolic models 
have been found in They are 



Model 1: F 



Model 2 : F = 



arP , P^f3o + ?7or« 



P = ln(e''° + Tjir) 



(7) 



(8) 



where a G [10^^, 10"^], p and /3o € [0.5, 4], 771 e 
[1000, 1300], q around 0.65 and rjQ around 50 are required 
to obtain fractal solutions. 

The starting point of the dust-filled universe is at 
to — lO^^s and the present time of the universe t — 15 
Gyr. Considering the very large numbers appearing in 
the numerical calculations, we adopt the units as those 
used in [|l^. We express distances in Gpc, time unit in 
3.26 Gyr, mass unit (MU) as 2.09 x IO^^Mq and the tem- 
perature as IK = 3.7 X IQ-^^MU to keep c = G = k = 1, 
[k is the Boltzman constant). Using the present temper- 
ature T — 2.7 K, and the present size 10^^ cm [^, in our 
units the constant C in (||) amounts to 2.76 x 10^^. 

Now, we start to investigate in detail these (fractal) 
parabolic models. Substituting (|^) into (||), the proper 
apparent horizon can be gotten by solving the nonlinear 
equation 



p 

^AH — 



3(t + /3o + mr^AH) 



(9) 



We found through analytical analysis that (||) has no so- 
lutions when p < q = 0.65, which corresponds to having 
no apparent horizon in that range for p. This is not so 
that surprising if we recall the fact that not all homo- 
geneous universe models have particle or event horizons. 
But compared to the flat dust FLRW model, which al- 
ways has apparent horizon, this result indicates the dif- 
ference between the general parabolic LTB model and 
its homogeneous counterpart. For p > q, the proper ap- 
parent horizon can be obtained by solving and the 
physical apparent horizon is 



TAH 



' AH- 



(10) 



We found that changes of ^» and a change a lot the behav- 
ior of the solution. Bigger p 01 a leads to smaller results 
for rAH- The difference caused by different values of a 
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for big p is smaller compared to that for small p. Po here 
does not affect much the result. 

The area of the apparent horizon in Planck units reads 



A/ll = AirhfAH 



(11) 



where h = 0.36 x 10^^^ in our units. With (0) and the 
obtained value for tah, the entropy inside the apparent 
horizon is 



S = 2.76 X 10^^97r x 

rV 

lo 



(12) 



[|r-i(t + /?o + 77or«)+Wr«-i]2 



-dr 



From the value of the constants in (gjj) and (|_2|), one 
might naively expect that the holographic principle al- 
ways holds. However this is not true. 





Fig. 1: Relation between S and A with different p 
at the beginning of the dust-filled universe when 
to = 0.97 X 10"^ 

Fig. 1 shows that at the beginning of the dust-filled 
era, to = 0.97x10^^ in our units, when a = 10^^ or 10~^, 
the holographic principle will be violated if p < 0.76 or 
p < 0.78, respectively. This result does not change much 
for different values of f3o . The violation of the holographic 
principle here is really surprising because in homogeneous 
expanding universes, the holography has never been re- 
ported facing any challenge. This again shows the dif- 
ference between fractal parabolic models and its special 
homogeneous counterpart. 

We now face the question whether the holographic 
principle has to be challenged or it can be used to select a 
physically acceptable model. We prefer the second, more 
constructive, alternative. 

It is well believed that the entropy of the present ob- 
servable universe is of order 10^'' [^,^. This reasonable 
entropy value can be used as a standard to select models 
describing the real cosmos. 
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Fig. 2: Inhomogeneous models which can acco- 
modate reasonable entropy to meet the present 
observable value. 

Fig.2(a) shows that for a = 10-*,3.50 <p< 4.0, the 
entropy values of the universe described by the fractal 
model is around 10^". (b) shows that for a = 10~^, the 
range of p changes to 3. 91 <p< 4.0 to meet the required 
reasonable entropy. The infiuence of different po is small. 
These results show us how to characterize the constants 
of the model. It is worth noting that the range of p vio- 
lating the holographic principle has been excluded here, 
which corresponds to say that if these fractal models de- 
scribe the real universe, they must satisfy the holographic 
principle. 

The dependence of the entropy value on constants of 
the model shown in Fig. 2 is similar to that of vah- Bigger 
values of p leads to smaller values of entropy, and for the 
same p, bigger a brings smaller entropy. 

Now we extend our discussion to Model 2. Using (||), 
the proper apparent horizon can be got from 



ar^^ =3[< + ln(e'5"+ryir^ff)]. 



(13) 



In contrast to Model 1, apparent horizon can be found 
for all constants displaying fractal behavior, p and a 
play the same crucial role to influence the result of tah- 
While the influence of /3o,f?i is not important. The area 
of the apparent horizon in Planck units is expressed by 
(Jill) and the total entropy inside the apparent horizon is 



(14) 
-dr. 



S = 2.76 X 10*^^97r x 

'"^■^^ [t + ln(e^° + mr)? 

rV , 

'0 



^(i + ln(e^°+r;ir))r-i + ^ 
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We found that the holographic principle always holds for 
this model. However for small values of p, the result for 
the entropy is again too big to meet the requirement of 
describing an observable realistic universe. In order to 
make the inhomogeneous model reasonable to describe 
the realistic universe, we need the observed entropy value 
as a criteria to choose reasonable constants in the model. 
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Fig. 3: Choosing parameters in order to meet the 
entropy value in the present observable universe. 

Fig. 3 presents some regions of constants which can dis- 
play a reasonable entropy value, (a) and (b) show that for 
a = lO-"*, 2.85 <p< 3.55; and for a = 10"^ 3.35 <p< 
4.0, the total entropy value at the present time obtained 
in Model 2 can meet the estimative value S ~ 10^". 
These regions of constants are required to delineate the 
real cosmos by this fractal model. From Fig. 3 we find 
that influence oip and a on the entropy value is the same 
as that discussed in Model 1. Bigger p, a corresponds to 
smaller S. Comparing (a) and (b), (c) and (d), we learn 
that different ryi does not change a lot of the final result. 
This behavior also holds for Pq. 

In summary, considering properties of spherical sym- 
metry and not relating to either initial or final moment 
for inhomogeneous dust universes, we introduced a sim- 
ple holographic principle by asserting that all information 
about physical processes in the real cosmological setting 
can be stored on the surface of the apparent horizon. In- 
vestigating fractal parabolic models with the holographic 
principle, we found that the violation of the holographic 
principle appears in some fractal parabolic models, what 
has never been observed in any special flat homogeneous 
universe. In order to describe the real cosmos, we re- 
fined the fractal parabolic models by restricting constants 
choosing regions to get reasonable entropy values of the 
present observable universe. We found that the real- 
istic models for an inhomogeneous universe satisfy the 
holographic principle. The slowly increasing of the en- 
tropy value with evolution of time in the inhomogeneous 
dust universe supports the behavior illustrated in homo- 
geneous cosmology which shows that the entropy in 
the universe is mainly created before the dust-filled era. 
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